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Abstract. We introduce the notion of an arithmetic matroid, whose main example 
is given by a list of elements of a finitely generated abelian group. In particular, we 
study the representability of its dual, providing an extension of the Gale duality to 
this setting. 

Guided by the geometry of generalized toric arrangements, we provide a combi- 
natorial interpretation of the associated arithmetic Tutte polynomial, which can be 
seen as a generalization of Crapo's formula for the classical Tutte polynomial. 



Introduction 

Who can imagine a simpler object than a finite hst of vectors? 

Nevertheless, several mathematical constructions arise from such a list X: hyper- 
plane arrangements and zonotopes in geometry, box splines in numerical analysis, root 
systems and parking functions in combinatorics are only some of the most well-known 
examples. More recently, Holtz and Ron in [16], and Ardila and Postnikov in [1] 
introduced various algebraic structures capturing a rich description of these objects. 

A central role in this framework is played by the combinatorial notion of matroid^ 
which axiomatizes the linear dependence of the elements of X. 

If the list X lies in Z*^, an even wider spectrum of mathematical objects appears. 
In their recent book [9], De Concini and Procesi explored (among other things) the 
connection between the toric arrangement associated to such a list and the vector par- 
tition function. Inspired by earlier work of Dahmen and Micchelli ([5], [6]), they view 
this relation as the discrete analogue of the one between hyperplane arrangement and 
multivariate spline. This approach has also surprising applications to the equivariant 
index theory (|10]. |llj . |12j). While the spline and the hyperplane arrangement only 
depend on the "linear algebra" of X, the partition function and the toric arrangement 
are also influenced by its "arithmetics" . 

In fact, in order to have effective inductive methods, one needs to enlarge the picture 
from to its possible quotients, i.e. finitely generated abelian groups. 

In this paper we introduce the notion of an arithmetic matroid: this is going to be a 
matroid 9JT together with a multiplicity function m (see the definition in Section 1.3). 
This object axiomatizes both the linear algebra (via the matroid) and the arithmetics 
(via the multiplicity function) of a list of elements in a finitely generated abelian 
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group. When an arithmetic matroid actually comes from such a list we will say that 
it is representable. 

We introduce also the notion of a dual arithmetic matroid, and show that the dual 
of a representable matroid is representable. We provide an explicit construction that 
extends the Gale duality to our setting (Theorem 12. 2p . 

To every arithmetic matroid (93T, m) we associate an arithmetic Tutte polynomial 

Mix,y) := miA)ix - iYHX)-rkiA) _ ^^\A\-rkiA) ^ 
ACX 

where X is the list of vectors of dJt. When the multiplicity function m is trivial (i.e. 
m = 1), this gives the classical Tutte polynomial of the underlying matroid 9?T. When 
(9JT, m) is representable, this is the polynomial defined in [23], where it is shown to have 
several applications to vector partition functions, toric arrangements and zonotopes (cf. 
also m). 

For representable arithmetic matroids, the positivity of the coefficients of the asso- 
ciated arithmetic Tutte polynomial was established in [23], while the understanding of 
their meaning was left as an open problem. 

The main result of this paper is to provide a combinatorial interpretation of the 
arithmetic Tutte polynomial of any arithmetic matroid, showing in particular the pos- 
itivity of its coefficients (see Theorem [721 Section 5.2-5.3 for related definitions). 
Our interpretation can be seen as an extension of the one given by Crapo in [3] for the 
classical Tutte polynomial (see Section 3.1): in fact, when the multiplicity function is 
trivial, we recover exactly Crapo's formula. 

Our combinatorial ideas have their roots in the notion of a generalized toric ar- 
rangement, which provides the geometric inspiration and motivation of our work (see 
Section 4). 

The paper is organized in the following way. 

In the first section we give the definition of an arithmetic matroid, we introduce the 
notion of the dual and representability, and provide examples of both representable 
(Section 1.4) and non-representable (Section 1.5) arithmetic matroids. 

In the second section we prove that the dual of a representable matroid is repre- 
sentable. 

In the third section we introduce the arithmetic Tutte polynomial and several other 
basic notions and constructions. 

The fourth section provides motivational background: it is an overview on gener- 
alized toric arrangements, which are the geometric counterpart of the combinatorics 
developed in this paper. 

This inspires and motivates the definitions given in the fifth section, in which we 
introduce the main ingredients of our construction. 

We then provide the combinatorial interpretation of the arithmetic Tutte polyno- 
mial: in the basic case of molecules (sixth section), and in the general case (seventh 
section) . 

Finally in the last section we make a remark on log-concavity and unimodality. 
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1. Arithmetic matroids: definitions and examples 

1.1. Some notation. We will use the word list as a synonymous of multiset. Hence 
a list may contain several copies of the same element. 

We will use set-theoretic notation such as yl C A to say that A is a sublist of X, 
Au B to denote the merge of two sublists A, B Q X , or A = f/i to denote the empty 
list. In particular with AD B we mean the intersection as sublist. Hence for example 
if in X there are two distinct copies of the same element, one appearing only in A and 
the other only in B, the intersection of the two sublists does not contain any of the 
two copies, although the set-theoretic intersection contains the element. Similarly for 
A \ B. By abuse of notation we sometimes denote a list with curly brackets, instead 
of using the more appropriate round bracket notation. 

Given a list X, ¥{X) is the power set of X, i.e. the set of all sublists (including the 
empty list) of X. 

1.2. Classical matroids. A matroid DJt = dJtx = {X,I) is a list of vectors X with a 
set / C P(A), whose elements are called independent sublists, satisfying the following 
axioms: 

(1) the empty list is independent; 

(2) every sublist of an independent sublist is independent; 

(3) let A and B be two independent sublists and assume that A has more elements 
than B. Then there exists an element a £ A \ B such that B U {a} is still 
independent. 

A maximal independent sublist is called a basis. It easily follows from the axioms 
that the collection of the bases determines the matroid structure. 

The last axiom implies that all the bases have the same cardinality, which is called 
the rank of the matroid. 

Recall that 9Jt is equipped with a rank function rk : P(A) ^ N U {0}, which 
is defined by rk{A) := the maximal cardinality of an independent sublist of A, for 
every A G P(A). Notice that the independent sublists are precisely the sublists whose 
cardinality equals the rank. So the rank function determines the matroid structure. 

The axioms of a matroid can be given in several ways (see [26]). We state them in 
terms of the rank function, since they turn out to be more suitable for our work. 

A matroid = dJtx = (X, rk) is a list of vectors X with a rank function rk : 
P(A) ^ N U {0} which satisfies the following axioms: 

(1) -dACX, then rk{A) < \A\; 

(2) if A,B CX and AO B, then rk{A) < rk{B); 

(3) iiA,BC X, then rk{A U B) + rk{A n B) < rk{A) + rk{B). 
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Notice in particular that the first axiom implies that rA;(0) = 0. 

The dual of the matroid DJl = {X, I) is defined as the matroid with the same list X 
of vectors, and with bases the complements of the bases of VJl. We will denote it by 
m*. Notice that the rank function ofTX* is given by rk*{A) := \A\-rk{X)+rk{X\A). 
In particular the rank of dJl* is the cardinality of X minus the rank of dJl. 

We say that v X is dependent on A C X if rk{A U {v}) = rk(A), while we say 
that V (z X is independent on A if rk{A U {v}) = rk{A) + 1. 

1.3. Arithmetic matroids. An arithmetic matroid is a pair "i), where dJtx is a 

matroid on a list of vectors X, and m is a multiplicity function, i.e. m : F{X) — >■ N\{0} 
has the following properties: 

(1) if ^ C A and -y € A is dependent on A, then m{A U {v}) divides m{A); 

(2) if yl C A and -y € A is independent on A, then m{A) divides m{A U {v}); 

{3) if A C B C X and B is a disjoint union B = AU F U T such that for all 
ACC CB we have rk{C) = rk{A) + |C n F|, then 

m{A) ■ m{B) = m{A U F) ■ m{A U T). 

(4) if ^ C B C A and rk{A) = rk{B), then 

MA):= Yl (-l)l^l"l^l"^m>0. 

ACTCB 

(5) if ^ C 5 C A and rk*{A) = rk*{B), then 

fiUA):= Yl (-l)l'^l-l^lrn(A\r)>0. 

ACTCB 

When i? = A we will denote fJ-B{A) and fJ.%{A) by fi{A) and fJ.*{A) respectively. 
We will discuss further these axioms in Remarks 13.21 and 13.61 

Remark 1.1. The idea of enriching the matroid structure with a multiplicity function 
was hinted in |23| . However no axioms were given for this function, so the concept 
remained vague. We have chosen the name "arithmetic matroid" to avoid confusion 
with previous constructions, and to emphasize the meaning of the multiplicity function. 

By abuse of notation, we sometimes denote by dJt both the arithmetic matroid and 
its underlying matroid. 

We define the dual of an arithmetic matroid (9Jtx,?n.) as the pair (9Jt3(^,m*), where 
is the dual of Tlx, and for all ^ C A we set m*{A) := m(A \ A). The following 
lemma shows that this is in fact an arithmetic matroid. 

Lemma 1.2. The dual of an arithmetic matroid is an arithmetic matroid. 

Proof. We need to show that m* is a multiplicity function. It is immediate to check 
that the axioms (1) and (2) are dual to each others, i.e. the axiom (2) is equivalent to 
(1*) if A C A and f G A is independent on A in the dual, i.e. rk*{A U {v}) = 
rk*{A) + 1, then m*{A) divides m*{A U {v}), 

while axiom (1) is equivalent to 

(2*) if Ac X and v e X is dependent on A in the dual, i.e. rk*{A[j{v}) = rk*{A), 
then m*{A U {v}) divides m*{A). 
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So clearly they are both satisfied in the dual. 
The same is clearly true for axioms (4) and (5). 

To check the third axiom, we notice that it is in fact "self-dual" . More precisely, let 
A<Z B C X and S be a disjoint union B = Au F UT such that for all A C C Q B 
we have rk*{C) = rk*{A) + |C n F|. Notice that for C := B this implies rk*{B) = 
rk*{A) + i.e. 

\B\ - rk{X) + rk{X \ B) = \A\ - rk{X) + rk{X \A) + \F\ 

or 

(1.1) rk{X \A) = rk{X \B) + \B\ - \A\ - \F\ = rk{X \ B) + \T\. 

Also, X \ ^ is a disjoint union X \ A = {X \ B) U T U F. For A C C C we have 
{X\B) C {X\C) C {X\A). We want to show that rA;(X\C7) = rk{X\B) + \{X\C)nT\, 
so that we are in the hypothesis of axiom (3), and therefore we get 

m*{A)-m*{B) = m{X \ A) ■ m{X \ B) 

(by axiom (3)) = m{{X \ B) U F) ■ m{{X \ B) U T) 

= m{{X \B)yj{X\{X\ F))) . m{{X \B)U{X\{X\ T))) 

= m{X\{Br\{X\F))) ■m{X\{Br\{X\T))) 

= m{X\{A\JT)) ■m(X\{A\JF)) 

= m*{AVJT)-m*{A\JF). 

We have 

\C\-rk{X)+rk{X\C) = rk*{C) 

= rk*{A) + \CnF\ 

A\ - rk{X) + rk{X \ ^) + |C n F|, 



rk{X\A) + \A\ + |CnF| - \C\ 

rk{x\A) - |cnr| 
rk{x\B) + |r| - |C7nr| 

rk{X\B) + \{X\C)r^T\, 

as we wanted. □ 

Remark 1.3. Notice that setting m{S) = 1 for all the sublists 5 C X of vectors in a 
matroid we get trivially a multiplicity function, and hence a structure of an arithmetic 
matroid. In this case we call m trivial. In fact this multiplicity function does not add 
anything to the matroid structure. In this sense the notion of an arithmetic matroid 
can be seen as a generalization of the one of a matroid. Of course there are more 
interesting examples. 



and this implies 



rk{X \ C) 



(by dHD) 
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1.4. The main example. The prototype of an arithmetic matroid (which in fact 
inspired our definition) is the one that we are going to associate now to a finite hst 
X of elements of a finitely generated abelian group G. We recall that such a group is 
isomorphic to Gf (BGt, where Gt is the torsion subgroup of G, which is finite, and Gf 
is free abelian, i.e it is isomorphic to for some r > 0. Notice that in general we have 
many choices for Gf, while Gt is intrinsically defined. 

Given a sublist A C X, we will denote by (A) the subgroup of G generated by the 
underlying set of A. 

We define the rank of a sublist A Q X as the maximal rank of a free (abelian) 
subgroup of {A). This defines a matroid structure on X. 

For A € IP(^), let Ga be the maximal subgroup of G such that {A) < Ga and 
\Ga '■ {A)\ < oo, where \Ga '■ {A)\ denotes the index (as subgroup) of (^4) in Ga- Then 
the multiplicity ■m{A) is defined as m(A) := \Ga '■ 

Since we are interested in the multiplicities, clearly we can always assume (and we 
will do it) that {X) has finite index in G: otherwise we just replace G by Gx, i-e. the 
maximal subgroup of G in which {X) has finite index. 

Notice that m(0) equals the cardinality of Gt- In particular m(0) = 1 if and only if 
G is free abelian. 

We need to check that the function m that we just defined is a multiplicity function. 
The first axiom is easy to check. We already observed that the second axiom for m 
is just the first axiom for the dual. Hence it would follow from the first one if we can 
realize the dual arithmetic matroid as a list of elements in a finitely generated group 
as we just did. This is the content of the next section. 

The third axiom for m is proved in the following lemma. 

Lemma 1.4. Given two lists A and B of elements of G such that A Q B, and let 
B be the disjoint union B = A U T U F such that for every A Q G Q B we have 
rk{C) = rk{A) + \CnF\. Then 

m{A) ■ m{B) = m{A U T) • m{A U F). 

Proof. We take the chance here to fix some notation and make some general remark 
that we will use later in this work. 

Recall that for any subgroup H of G we have H = Hf (B Ht, where Ht is the torsion 
subgroup of H, and Hf is free abelian. We will call Gh the maximal subgroup of G 
in which H has finite index. Notice that Gh = {GH)f ffi Gt- 

Remark 1.5. Let G be a finitely generated abelian group, H < G a subgroup. With 
the notation above we have G = G f®Gt and H = Hf®Ht, where necessarily Ht < Gt- 
Notice that, since by the isomorphism theorem 

H + Gt ^ H _H ^ 
Gt HnGt Ht ^' 

an choose a suitable Hj 

have 



we can choose a suitable Hj < Gf such that H + Gt = Hj Gt, for which we must 



^ H'f(BGt H + Gt ^ 
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But again by the isomorphism theorem 

G ^ G/Gt _ {Gf®Gt)/Gt ^Gf 
H + Gt {H + Gt)/Gt {H'f(BGt)/Gt H'^ 

and 

H + Gt Gt _ Gt_ 
H ~ HnGt~ Ht' 

so 

\G : H\ = \G : H -\- Gt \ ■ \H -\- Gt '. H\ = \Gf : H'j \ ■ \ Gt '■ Ht \ ■ 

Therefore, as long as we are interested in the multiphcities, eventuahy replacing H = 
Hf © Ht by H' := H'j: (B Ht, we can always assume (and we will do it) that Hf C G/. 

Given a list S Q X, we will write Gs for G(5)- Notice also that by definition, rk{S) 
is the rank of (S) f (as free abelian group), and m{S) = \Gs ■ {S)\. Moreover, for 
5 C X, we let (cf. Remark ll.Sp (S) j C (Gs)f, so that we have 

m{S) = \Gs : {S)\ = \{Gs)f®Gt: {S)f(B{S)t\ 
= \{Gs)f : {S)f\ ■ \Gt : {S)t\. 

Observe that if [/ C y C X and rk{U) = rk{V), then Gu = Gy- 
By the isomorphism theorem we have 

{B)/{AUF) ^ {AUT)/{{AUT) n {AuF)). 

Claim. It follows by our assumptions that (AuT) f] {AU F) = (A) . 

proof of the Claim. We will prove the two inclusions. 

Let g £ (AUT) n {AU F), so 

g = ^aaa + '^/3tt = '^jaa + ^ Sff 

a&A t&T a&A feF 

where the a's, /3's, 7's and (5's are integers. 

Let C F be the subset of F for which the corresponding coefficients 5's are 
nonzero. If F' = 0, then g = X^asA ^ (^)- 

If F' 0, then, letting C := AU F' we have by assumption 

rk{G) = rk{A) + 

But 

E ^/-^ = E = E + E '^'^ - E e u T) 

feF' feF aeA teT aeA 

and rk{A U T) = rk{A) (just set C := AU T), therefore 

rk{G) < rk{A) + \F'\ - 1, 

a contradiction. 

The other inclusion is obvious. □ 



7 



So we have 

(1.2) {B)/{A U F) ^ (A U T)/{A). 

Observing that rk[B) = rk{A U F) and rk{A U T) = rk{A), we have 

m{A U F) ^ \Gavjf : {A\J F)\ ^ \Gb ■ {Al^F)\ 
m{B) \Gb.{B)\ \Gb.{B)\ 

= \{B):{AUF)\ 
(by (USD) = \{AUT):{A)\ 

\Ga:{A)\ _ \Ga:{A)\ 
\Ga:{AuT)\ \Gaut: {AuT)\ 
_ m{A) 
~ m{A U T) ' 

as we wanted. 

This completes the proof of the lemma. □ 

The fourth axiom for m is a consequence of Lemma [4.1l (see Section 4 for the relevant 
definitions): for A <Z B and rk{A) = rk(B), we have that ^-Ib{A) equals the number of 
connected components of 

Ha\ U Ht. 

B^TDA 

Therefore it is clearly nonnegative. 

The fifth axiom for m is the dual of the fourth one, and again it will follow from the 
realization of the dual arithmetic matroid by a list of elements in a finitely generated 
abelian group, which is proved in the next section. 

1.5. Representability. We recall that a (classical) matroid is said to be representable 
in characteristic or 0-representable if it is realized by a list of vectors in M". 

We say that an arithmetic matroid is representable if it is realized by a list of elements 
in a finitely generated abelian group. 

By "realized" we mean that the rank and the multiplicity functions are defined as 
in the Example II. 4[ 

We say that an arithmetic matroid is: 

• 0-representable if its underlying matroid is; 

• torsion-free if m(0) = 1; 

• GCD if its multiplicity function satisfies the GCD rule: 

m(A) equals the greatest common divisor (GCD) of the multiplicities of the 
maximal independent sublists of A, i.e. 

m{A) := GCD{{m{B) \ B O A and \B\ = rk{B) = rk{A)}). 

Remark 1.6. If an arithmetic matroid is representable, then it is clearly 0-representable 
(just tensor with the rational numbers Q). Moreover, if it is also torsion-free, then it 
is easily seen to be GCD (cf. Remark [Oil . 

This provides two classes of examples of non-representable arithmetic matroids: 
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Example 1.7. Let VJt be non-O-representable. For example, consider the Fano matroid, 
i.e. the matroid defined by the 7 nonzero elements of F^, where F2 is the field with 
two elements. Then every multiplicity function (e.g. the trivial one) will make it into 
a non-representable arithmetic matroid. 

Example 1.8. Let us take X = {a, 5, c} and define 9Jt as the matroid on X having 
bases {a, 6}, {b,c} and {a,c} . Clearly, 93T is realized by three non-collinear vectors 
in a plane. Now set the multiplicities of the bases to be 2 and all the others to be 
1. It is easy to check that this is an arithmetic matroid, but it is not GCD, since 
m{X) = 1^2. Hence it is not represent able. 

2. Representability of the dual 

In this section we prove that the dual of a representable arithmetic matroid is still 
represent able. Our construction gives an extension of the Gale duality [14j to our 
setting. 

Consider an arithmetic matroid dJt represented by a list X of elements of a finitely 
generated abelian group G. We are looking for a finitely generated abelian group G' 
and a finite list X' of its elements representing the matroid SOT*. 

Remark 2.1. Notice that of course we need to have \X\ = \X'\. Also, the rank of DJt* 
must be \X\ minus the rank of ^M. 

We start with a presentation of our finitely generated abelian group G as © 
(Z/diZ) © (Z/daZ) © • • • © (Z/4Z), where di divides di+i for i = 1, 2, . . . , s - 1. It 
is well known that such a presentation exists and it is unique up to isomorphism. 
We realize this presentation as a quotient 711^^ j {ff) ^ where Q is the list of vectors 
gi, q2, . . . ,qs € where qi has di in the (r + i)-th position, and elsewhere. We 

remember the order in which the elements of the list Q are given. 

Now a finite list X C G is given by a list of cosets X = {vi,V2, • • • where of 
course with Vi we denote the coset Vi + {Q) for Vi S Z^'^^. We choose representatives 
Vi S Tj^''^^ for the cosets, which are determined up to linear combinations of elements 
from Q. We set X := {^1,^2, • • • ,Vk} a list of elements in Z^"'"'^. Also in this case we 
remember the order in which the elements of X are given. 

Hence we consider the (r + s) x (/c + s) matrix [X U Q], whose columns are the 
elements from X in the given order first and from Q in the given order next. We call 
(XQY the list of its rows in the given order from top to bottom, which are vectors in 
Z*^+^ Hence we set G' := Z*^+V((XQ)*), and X' := {ei,e2, . . . ,efc} will be the list of 
cosets in G', where as usual € Z'^"'"* denotes the vector with 1 in the i-th position 
and elsewhere. 

We call (9JT',m') the arithmetic matroid associated to the pair {G',X'). 
We denote {1,2, . . . , A:} by [k], and for S C [A;] we denote by its complement in 
[k], and we set vs ■= {vi & X \ i £ S} and := {ei £ X' \ i G S}. 
The main result of this section is the following theorem. 

Theorem 2.2. The bijection es -H- Us for S C [k] is an isomorphism of arithmetic 
matroids between and dJt* , i.e. it preserves both the rank and the multiplicity 
functions. 
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Proof. We start with some easy observations. Take a sublist A Q X of elements of 
and setA:={a\aeA}<ZXa list of elements of G. Then {A U Q)/{Q) = (A), 
where on the left we are taking subgroups in Z''"'"'^, while on the right we are taking a 
subgroup of G. Hence the rank of A will be the same as the rank of {A U Q) minus the 
rank of {Q). 

Moreover, the multiplicity of ^ in G is the same as the multiplicity of AuQ in 711^^ . 
In fact let (T) /(Q) be the maximal subgroup of G in which (yl) has finite index, where 
T C Z^+^ Then 

Kr)/(Q):(^UQ)/(Q)| = Kr):(^UQ)j 
and (r) is clearly the maximal subgroup of TH'^" in which (A U Q) has finite index. 
Of course analogous observations apply to the sublists of G', with (XQ)* in place of 

Q. 

So to compute the ranks and the multiplicities of lists of elements in G or G' (which 
is what we need to do if we want to check that our map is an isomorphism of arithmetic 
matroid) we can reduce ourself to compute them in U^'' or respectively. 

Remark 2.3. Notice also that in Z'", to compute the multiplicity of a list of elements, it 
is enough to see the elements as the columns of a matrix, and to compute the greatest 
common divisor of its minors of order the rank of the matrix (cf. j28| Theorem 2.2]). 

We introduce a useful notation: given a list Y of vectors in Z™ given in some order, 
we denote by \Y] the matrix whose columns are the elements of Y in the given order. 

Given S Q [k], we want to compute the rank of eg. Following our observations, first 
we want to compute the rank of [e^ U {XQY], where es ■= {e^ | i € S} and this is the 
matrix whose columns are the elements of es in some order first and the elements of 
{XQY in the given order next. 

Notice that the matrix [e^ U [XQY] looks like 

/ [es] [Xf \ 

• • • 

V ... / 

where the upper t denotes the transpose of the matrix. 

So the rank of [es U {XQY] will be \S\ (looking at the |5| rows indexed by S) plus 
the rank of v^c U Q (looking at the other rows), where vs<: ■= {vi \ i € 5^^}. But as we 
already observed the rank of es is the same as the rank that we just computed minus 
the rank of [(XQ)*], which is the rank of X L) Q. Hence we just showed that the rank 
of es is 

\S\ - rk{X U Q) + rk{vsc U Q) = \S\ - {rk{X U Q) - rk{Q)) + {rk{vsc U Q) - rk{Q)). 

As we already observed rk{X \J Q) — rk{Q) and rk{vsc L) Q) — rk[Q) are the ranks of 
X and vs'^ = X \ vs in the original matroid, hence the rank of es is precisely the rank 
of vs in the dual. 

Let us compute the multiplicity of es- Using Remark 12.31 we have to compute the 
greatest common divisor of the minors of maximal rank in the matrix [e^ U [XQY]- 
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Notice that any nonzero minor of maximal order must involve all the rows indexed by 
S, otherwise we can clearly get a nonzero minor of higher order using the missing rows. 
But a nonzero minor of maximal order involving the rows indexed by S is clearly plus 
or minus a nonzero minor of maximal order in the matrix [vs'^ U Q]. But those are 
exactly the minors that we use to compute the multiplicity of tJ^c . 

This proves that m'{es) = miljs'') = ™*(^S')) completing the proof of the theorem. 

□ 

This completes the proof that the "main example" (Section 1.4) gives indeed an 
arithmetic matroid. 

3. Arithmetic Tutte polynomial and deletion-contraction 

3.1. The classical Tutte polynomial. The Tutte polynomial Tx{x, y) = T(9Jtx; x, y) 
of the matroid Tlx = {X,rk) is defined (in [21]) as 

Tx{x,y) := 5: (X - l)^''=(^)-^{^)(, - 1)1^1-^^). 
ACX 

Prom the definition it is clear that Tx(l, 1) is equal to the number of bases of the 
matroid. 

Although it is not clear from the definition, the coefficients of the Tutte polynomial 
are positive, and they have a nice combinatorial interpretation. In fact, the Tutte 
polynomial embodies two statistics on the list of the bases called internal and external 
activity. 

Let us fix a total order on X, and let i? be a basis extracted from X. 

We say that v £ X \ B is externally active on i? if u is dependent on the list of 
elements of B following it (in the total order fixed on X). We say that v € B is 
internally active on i? if u is externally active on the complement B'^ := X \ B in the 
dual matroid (where B^ is a basis). 

The number e{B) of externally active elements is called the external activity of B, 
while the number i{B) = e*{B^) of internally active elements is called the internal 
activity of B. 

The following result is proved in [3]. 

Theorem 3.1 (Crapo). 

Tx{x,y)= Y: 

BCX 
B basis 

Hence the coefficients of Tx{x,y) count the number of bases having given internal 
and external activities. 

3.2. Arithmetic Tutte polynomial. Following [23], we associate to an arithmetic 
matroid Tlx its arithmetic Tutte polynomial Mx{x,y) = M{Tlx]x,y) defined as 

(3.1) Mx{x,y) := m{A){x - lYKX)-rk{A) _ ^^\A\-rk[A) ^ 

AQX 
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This polynomial has many applications. In particular it encodes much combinatorial 
information on toric arrangements (as we will recall in Section 4), on zonotopes ([!]), 
and on Dahmen-Micchelli spaces ([23], [5]; see also [9j, [IT], [19] for related topics). 

It has been shown in [23] that if Tlx is representable, the coefficients of this poly- 
nomial are positive. 

Our main goal will be to give a combinatorial interpretation of this polynomial for 
any arithmetic matroid. By doing this, we will also extend the positivity result. 

But before that, we want to discuss briefly the connection between the axioms that 
we gave for an arithmetic matroid and this polynomial. 

Remark 3.2. We make some remark on the independence of the axioms of a multiplicity 
function. 

Consider the matroid on Xi = {t}, where rk{Xi) = 0. Setting m{Xi) = 2 and 
m(0) = 3, we have that m satisfies all the axioms of a multiplicity function, except the 
first one. 

Consider the matroid on X2 = {/}, where rk{X2) = 1. Setting m{X2) = 3 and 
m(0) = 2, we have that m satisfies all the axioms of a multiplicity function, except the 
second one. 

The next two examples were suggested to us by Fetter Branden. 

Consider the matroid on X3 = {/, t}, where rk{{f}) = rk{{f,t}) = 1 and rk{{t}) = 
rk{^) = 0, i.e. {/} is the only basis. Setting m{{f}) = m{{f,t}) = m(0) = 2 and 
m{{t}) = 1 we have that m satisfies all the axioms of a multiplicity function, except the 
third one. Moreover, applying formula (j3.ip we would get Mx^ ix,y) = x + y + xy — 1. 

Consider the matroid on X4 = {ii, ^2, ^Si *4}i where rk{X4) = 0. Setting m(0) = 4, 
m({ij}) = 2 for i = 1,2,3,4, and m equal one for all the other sublists, we have that 
m satisfies all the axioms of a multiplicity function, except the fourth one. Moreover, 
applying formula (j3.ip we would get Mx^{x, y) = y^ + Ay — 1. 

Consider the matroid on X^ = {/i, /2, /s, /4}, where rk{A) = \A\ for all A X, 
i.e. X^ is the only basis. Setting m(X5) = 4, m{A) = 2 for A <^ X and \A\ = 3, 
and m equal one for all the other sublists, we have that m satisfies all the axioms of a 
multiplicity function, except the fifth one. Moreover, applying formula ()3.ip we would 
get (x, y) = x"^ + Ax — 1. 

Summarizing, each of the axioms of a multiplicity function is independent on the 
other ones. Moreover, even dropping only axiom (3) or only axiom (4) or only axiom 
(5) we can get an arithmetic Tutte polynomial with negative coefficients. In this sense, 
without those axioms we would get a "non-combinatorial" object. 

3.3. Deletion and contraction. We introduce two fundamental constructions. Re- 
call that given a matroid Tlx and a vector u S X, we can define the deletion of Tlx as 
the matroid Ttxi, whose list of vectors is Xi := X \ {v}, and whose independent lists 
are just the independent lists of Tlx contained in Xi. Notice that the rank function 
rki of Tlxi is just the restriction of the rank function rk of Tlx- 

Given an arithmetic matroid {Tlx,'m) and a vector v X, we define the deletion 
of {Tlx , fn) as the arithmetic matroid iTlx^ , mi ) , where Tlx^ is the deletion of Tlx 
and mi{A) := m{A) for all A C Xi = X \ {v}. It is easy to check that this is in fact 
an arithmetic matroid. 
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Recall that given a matroid DJtx and a vector v (z X, we can define the contraction 
of OJtx as the matroid Tlx2, whose list of vectors is X2 := X \ {v}, and whose rank 
function rk2 is given by rk2{A) := rk{A U {v}) — rk{{v}), where of course rk is the 
rank function of 

Given an arithmetic matroid (OJtxi ^) and a vector v (z X, we define the contraction 
of (TlxTTn) as the arithmetic matroid {Tlx2,^2), where 9Jtjf2 is the contraction of 
and m2{A) := m{A U {f }) for all A C = ^ \ {v}- It is easy to check that this is in 
fact an arithmetic matroid. 

Example 3.3. If an arithmetic matroid (OJtjjf, m) is represented by a list X of elements of 
G, it is easy to check that the deletion corresponds to the arithmetic matroid 1 
of the sublist Xi := X \ {v}, while the contraction corresponds to the arithmetic 
matroid (97tx2i "^2) of the list X := {a+ (v) \ a G X \ {v}} of cosets in G/ (v). 

Observe that the deletion of w € X in dJlx corresponds to the contraction of u € X 
in , and viceversa the contraction of u € X in Tlx corresponds to the deletion of 
veX in m*^. 

3.4. Free, torsion, and proper vectors. Given an element v X, we denote by 
rki and rk2 the rank function of the deletion and the contraction by v respectively. 

We say that v £ X is: 

• free if both rki{X \ {v}) = rk{X \ {v}) = rk{X) - 1 and rk2{X \ {v}) = 
rk{X) - 1; 

• torsion if both rki{X \ {v}) = rk{X) and rk2{X \ {v}) = rk{X); 

• proper if both rki{X \ {v}) = rk{X) and rk2{X \ {v}) = rk{X) — 1. 

Observe that any vector of a matroid is of one and only one of the previous three 
types. 

Example 3.4. If we look at the arithmetic matroid represented by a list X of elements 
of G, the torsion vectors are precisely the torsion elements in the algebraic sense, while 
a free vector will be an element of G which is not torsion and such that the sum 
{X \ {v}) (v) is direct. 

Remark 3.5. A vector is free in a matroid if and only if it is torsion in its dual. While 
a vector is proper in a matroid if and only if it is proper in its dual. 

Moreover, suppose that v and w are two distinct vectors, and we make a deletion 
with respect to w. If v is free or torsion, then it is again free or torsion respectively 
in the deletion matroid. While if v is proper, then it can be proper or free, but not 
torsion in the deletion matroid. 

Dually, if we make a contraction with respect to w, then if v is free or torsion, then 
it is again free or torsion respectively in the contraction matroid. While if v is proper, 
then it can be proper or torsion, but not free in the contraction matroid. 

3.5. Molecules. We define a molecule as an arithmetic matroid that does not have 
proper vectors. 

Hence a molecule will be given by a list of the form X = {/i, f2, . . . , fr,ti,t2, ■ ■ ■ ,ts}, 
where the /j's are free vectors, and the tj^s are torsion vectors. 

Notice that by Remark 13.51 the dual of a molecule is still a molecule. 
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Remark 3.6. Notice that in the assumption of axiom (3) of a multiphcity function, we 
are simply asking that if we do the deletion of the elements oi X\B and the contraction 
of the elements of A we are left with a molecule, whose only basis is going to be F. 

Looking at the underlying matroid, a molecule consists of a (unique) basis plus a 
bunch of rank elements. For example, in the 0-representable case, the latter ones 
would just correspond to a bunch of zeros. 

The classical Tutte polynomial of such a matroid turns out to be very simple: for 
our X it would correspond to the monomial x^'y^, where r is the rank of the matroid, 
and s is the number of rank elements. 

In fact, by deletion-contraction, one can reduce the computation of the classical 
Tutte polynomial (but also the proof of several properties of a matroid) to the singletons 
(which are necessarily torsion or free) , which are usually called the atoms of the matroid 
(this justifies our molecules). 

But we will see that the arithmetic Tutte polynomial of a molecule is not so simple. 
In fact, we will give our combinatorial interpretation first in the case of molecules. 
Then we will extend it to the general case. Indeed, to prove the general case, we will 
apply recursively deletion-contraction for all the proper vectors, reducing ourselves to 
the molecules. 

3.6. Direct sum. Given two matroids DJXxi = (-^i^-^i) and OTt^j = {X2,l2), we can 
form their direct sum: this will be the matroid dJtx = ©9Jtx2 whose list of vectors 
is the disjoint union X := Xi UX2, and where the independent lists will be the disjoint 
unions of lists from Ii with lists from l2- Hence for any sublist A Q X, the rank 
rk{A) of A will be the sum of the rank rki{A n Xi) of A n Xi in dJtxi with the rank 
rk2{A n X2) of AnX2 in Tlx^ ■ 

If the two matroids are 0-representable in two vector spaces Vi and V2 respectively, 
the direct sum matroid corresponds of course to the matroid of the list X := Xi U X2 
in the direct sum 14 © 1^, with the obvious identification of the the subspaces Vi and 
V2. 

It follows immediately from the definition of the Tutte polynomial that in this case 

Tx{x,y) = Txi(x,y) • Tx2{x,y). 

Given two arithmetic matroids (9JTxi, w,i) and (931x2 ; "12) define their direct sum 
as the arithmetic matroid {Tlx,m), where Tlx '■= Ttx^ © 93fx2i and for any sublist 
A C X = XiU X2, we set m{A) := mi{A n Xi) ■ m2{A n X2). It is easy to check that 
this is indeed an arithmetic matroid. 

Again, it is clear from the definition of the arithmetic Tutte polynomial that in this 
case 

Mx{x,y) = Mx,{x,y) ■ Mx^{x,y). 

If the two arithmetic matroids are represented by a list Xi of elements of a group 
Gi and a list X2 of elements of a group G2, then, with the obvious identifications, 
X := Xi U X2 is a list of elements of the group G := Gi © G2, and the arithmetic 
matroid associated to this list is exactly the direct sum of the two. 

Example 3.7. Consider a molecule given by a list X = {/i, /2, . . . , /r, ^i, ^2, • • • , tg} of 
elements of a group G = Gf (B Gt, where the /j's are free and the tj^s are torsion. In 
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this case, up to changing some fi by adding some element of Gt (cf. Remark ll.5p . 
we can assume {/i, /2, • • • , /r} Q Gj. Then we can regard this as a direct sum of the 
arithmetic matroid associated to the list Xf := {/i, /2, • • • , /r} of elements of G/ and 
Xt ■= {ti,t2, . . . , ts} of elements of Gt. 
Hence in this case 

Mx{x,y) = Mxf{x,y) ■ MxAx,y)- 

4. Geometry of the generalized toric arrangement 

The aim of this section is to explain the geometrical ideas underlying the combina- 
torial concepts studied in this paper, and motivating them. A reader only interested in 
the combinatorics may skip this section without affecting the comprehension of what 
follows. 

4.1. Generalized tori. Let G = GfOGt be a finitely generated abelian group, where 
Gt denotes the torsion subgroup of G, and is some free abelian group, and define 

r(G) := Hom{G,C*). 

T[G) has a natural structure of abelian linear algebraic group. In fact it is the direct 
sum of a complex torus T{Gf ) (whose dimension is the rank as free abelian group of 
Gf) and of the finite group T{Gt) dual to Gt (and isomorphic to it). Topologically, 
this is the disjoint union of \Gt\ copies of the torus T{Gf). 

Moreover, G is identified with Hom{T{G),C*), the group of characters of T{G): 
indeed given A € G and t G T{G) = Hom{G,C*) we set 

X{t) := t{X). 

In the same way, we can define 

Tu{G) := Hom{G,S^) 

where we set S"*^ := {z € C | |zj = 1}. Then Tir(G) has a natural structure of abelian 
compact real Lie group, having G as its group of characters. Again, G is identified with 
Hom{T(G),S^). In fact the functor Hom{ ■ ,S^) gives rise to the so-called Potryagin 
duality. 

When it is not ambiguous, we will denote T{G) by T and Tk(G) by Tr. 

4.2. Generalized toric arrangements. Let X C G be a finite list, spanning a finite 
index subgroup of G. The kernel of every character X £ X is a subvariety in T[G): 

Hx:= {tGT\X{t) = l}. 

More precisely, Hx is the union of a bunch of connected components of T(G) if the 
rank of {A} is zero, and a (not necessarily connected) hypersurface of T(G) if the rank 
of {A} is one. 

The collection T{X) = {H\ \ X (z X} is called the generalized toric arrangement 
defined by X on T. 

We denote by TZ{X) the complement of the arrangement in T: 

1Z{X) :=r\ IJ Hx. 
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We also denote by C{X) the set of all the connected components of all the intersections 
of the subvarieties ordered by reverse inclusion and having as minimal elements 
the connected components of T. 

Of com'se we will have similar definitions for T^. We will denote with a subscript 
"M" these real counterparts (e.g. 7^(X)k). 

In particular, when G is free, T is a torus and T{X) is called the toric arrangement 
defined by X. Such arrangements have been studied for instance in [S], |22j . |13j . 
In particular, the complement Tl-iX) has been described topologically in [7] and 
geometrically in [21]. In this description the poset C{X) plays a major role, analogous 
to that of the intersection poset for hyperplane arrangements (see [S], |24j ) 

4.3. Relations with the arithmetic Tutte polynomial. In this subsection we 
recall some facts, which were proved in [23| . 
Given A C X let us define 

Ha := fl i^A. 

The following fact is a simple consequence of Pontryagin duality: 

Lemma 4.1. m{A) is equal to the number of connected components of Ha- 

Then the arithmetic Tutte polynomial is deeply related with generalized toric ar- 
rangements, and in fact it was introduced to study them. We recall some results from 

m- 

Theorem 4.2. (1) The number of connected components of TZ{X)^ is Mx(l,0). 

(2) the Poincare polynomial of n{X) is q'^Mx (^^,o). 

(3) the characteristic polynomial of C{X) is {—l)^Mx{^ — 9,0). 

Since rank{Gf) = dim{T), the maximal (in the reverse order!) elements of C{X) 
are 0-dimensional, hence (since they are connected) they are points. We denote by 
Cq{X) the set of such elements, which we call the points of the arrangement. For every 
p G Co{X), let us define 

Xp := {X e X\p G Hx} . 

Then we have: 
Lemma 4.3. 

Mx{l,y)= Yl Tx,{l,y). 

This lemma will be the starting point of our combinatorial interpretation, as we will 
explain in the next section. 

5. Towards the combinatorial interpretation 

5.1. General considerations. We want to give a combinatorial interpretation of the 
arithmetic Tutte polynomial. Let us look at a very easy but already nontrivial example. 
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Example 5.1. Consider the list 

X = {vi :=(l,l),t;2 := (1,-1)} CZ2. 

In this case we only have two free vectors, which together form the only basis of 
the matroid Here the multiplicity function is given by m{X) = 2 and m(0) = 

'm{{vi}) = m{{v2}) = 1. 

If we compute the polynomial Mx{x, y) using the defining formula we get 

Mxix,y)=x^ + 1. 

Notice that the dual matroid dJl^ is a rank matroid, whose only basis is the empty 
list. Moreover in the dual arithmetic matroid {dJl'^,m*) the empty list has multiplicity 
2. 

We start our analysis with some general considerations. First of all we observe 
that specializing at x = 1 and y = 1 the polynomial Mx{x,y) we get the sum of the 
multiplicities of the bases of the matroid. Notice also that the bases in the matroid 
correspond bijectively with the bases of OJt^f under the involution of complementing 
with respect to X, and in fact by definition the multiplicity of a basis in (QKx,'"^) is 
the same as the multiplicity of the complement in the dual {^*x , rn* ) . 

Hence, keeping in mind what Crapo did with the Tutte polynomial, it is natural 
to try to interpret the polynomial ^x{x-,y) as a sum over the bases counted with 
multiplicity of monomials in y and x, whose exponents give some statistics on the 
basis and its complement (in the dual) respectively. 

Already in the very simple Example 15.11 we see one of the difficulties of our task: in 
this example we only have one basis counted with multiplicity 2 both in (9Jtx,"^) and 
in (93T3(^, m*), but the two monomials are distinct! 

The problem here is that the monomials of Mx{x,y) are counted by a list and not 
just a set. Moreover, apparently for identical elements of the list the statistic may 
differ. 

It turns out that a key ingredient for the understanding of the combinatorics behind 
the polynomial Adxix, y) is a suitable list of maximal rank sublists of X. The geometric 
considerations exposed in the previous section suggested us to look at them in the first 
place. 

5.2. Two fundamental lists. Starting with our arithmetic matroid (9Jtx,''7^), we 
construct a list Lx of maximal rank sublists of X in the following way. 

To every maximal rank sublist 5 of X we associate the nonnegative (axiom (4)) 
integer 

M5) := ^^(-1)1^1-151^(5^). 

TD5 

Then the list Lx is defined as the list in which each maximal rank sublist S appears 
/i(5) many times. 

Notice that if we extract the bases from our list Lx , each basis B will show up exactly 
m{B) times: in fact, by inclusion-exclusion, each basis B will appear ^ /i(T) = m{B) 
times, where the sum is taken over the sublists T that contain B. 

Dually, we construct the list in the same way from the dual arithmetic matroid 
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Example 5.2. We consider again the Example 15.11 In this case we have Lx = {X,X), 
while L*x = (X,0). 

We introduce the following notation. The list of pairs {B,T), where B is a basis, 
B C T and T G Lx, counted with multiplicity f^{T), will be denoted by B. The 
corresponding list in the dual will be denoted by B* . 

5.3. Local external activity. We already observed that the multiplicity of the basis 
B in Wx is the same as the multiplicity of the basis B'^ in QJt^f . So it is now natural 
to interpret the polynomial Mx{x, y) as a sum over the elements of B of monomials in 
X and y: 

For every such pair {B,T) we define the statistic e{B,T) to be the local external 
activity of the basis B in the list T, i.e. the number of elements T \ B that are 
externally active on B. Notice that the torsion elements of T are always active (if 
you don't want to deal with the empty list, this is a convention). Dually, we define 
e*{B'^,T) in the same way for the basis B'^ in the dual and B'^ QT L\. 

More explicitly we would like to see Mx{x,y) as ^x^*^^''''^^y^^^''^\ 

Example 5.3. We consider again the Example 15.11 In this case we have two identical 
pairs {X, X) in the original arithmetic matroid, where obviously e{X, X) = 0, while 
in the dual we have two distinct pairs (0,^) and (0,0), where e*(0,X) = 2 and 
e*(0,0) =0. 

In fact in this case the polynomial Mx{x,y) is + 1. 

Remark 5.4. This definition of local external activity is motivated by Lemma 14.31 

Indeed, this lemma tells us that the exponents of y are the external activities of the 
bases computed in the lists Xp, hence they are the local external activities e{B,T). 
Therefore, at least for a representable arithmetic matroid, we have: 

Furthermore, since the dual of a representable matroid is still representable, we have 
a dual toric arrangement. The same considerations then allow to conclude that 

Mx{x,l)= Yl 

(B=,f)GB* 

In order to conclude our construction we need to face a nontrivial problem. 

5.4. The matching problem. The problem here is again that we have a list of pairs 
and not just a set. So a pair {B,T) can appear several times, as we have seen in the 
example above, and it needs to be matched with a suitable pair {B^,T). In the last 
example we didn't have the problem of the matching since the statistic for the y was 
always 0. But in general there could be many choices. 

In general we have the problem of matching a pair {B, T) with a suitable pair (5^, T). 
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6. The molecular case 



In this section we consider the special case of a molecule, i.e. of an arithmetic 
matroid QJt in which there are no proper vectors (see Section 13. 5p . Hence DJt is given 
by a list X of the form 

^ = {fl, f2, ■ ■ ■ , fr,h,t2, ■ ■ ■ ,ts} 

where the /j's are free vectors, and the tj^s are torsion vectors. 

We want to find a combinatorial interpretation of the polynomial A4x{x,y) in this 
case. As we have seen in the previous section, we have the problem of matching the 
pairs (B, T) € B, where i? is a basis, B CT and T € Lx, with the pairs (B'^, T) € B* , 
where B'^ is of course a basis in the dual, B^ C T and T € L*^. 

In the special case that we are considering the matching will be done in the following 
way. 

The idea is that we want to match the copies of a pair (B, T) ^ B evenly among 
the copies of pairs {B^,T) G B* , and viceversa. With this we mean the following. 
Let i{{B,T), (B'^,T)) be the number of copies of {B,T) that we match with copies of 
{B'^,T). Than for distinct Ti and T2 in Lx we want that 

MTi) _ ^((i?,Ti),(i3^f)) 
^^{T2) e{{B,n),{B-,T)) 

for every T € L^. Dually, we want also 

i{{B,T),{B^,T\)) _ f,*{T\) 
£{{B,T),{B-,T2)) fi*{T2) 

for distinct Ti and T2 in L"^, and for every T G Lx- 

We call this property equidistribution of the matching. Before showing that this is 
in fact possible, we assume that we can do that, and we make some remarks. 

Let us call ip = iJjb such a bijection between B and B* . Then notice that this 
bijection is in fact unique up to identification of the copies of the same pairs. 

Let us set 

Mx{x,y) := rE^*(^^'^)/('^"'(^^'^)). 

Now notice that the equidistribution property implies that this polynomial is in 
fact a product of two polynomials, one in x and one in y. In fact we have that 
Mb{x, y)-M b<={x, y) is an integer multiple of Mx{x, y), where Mb{x, y) is a polynomial 
in X, since clearly there is no external activity on B, and M _bc(x, y) is a polynomial in 
y, since clearly there is no external activity in the dual (cf. Example 16. 3p . 

Remark 6.1. Suppose that our arithmetic matroid is representable in a group G = 
Gf®Gt- If we denote by Mxf {x, y) the arithmetic Tutte polynomial of the list Xf := 
{/i; /2; • • • 5 fr} of elements of G/, and by Mxtix, y) the arithmetic Tutte polynomial 
of the list Xt := {ti, t2; • • • , is} of elements of Gj, then we already observed in Example 
Othat 

Mx{x,y) = MxAx,y) ■ Mx,{x,y). 
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In fact, in this case MB{x,y) = m(0) ■ Mxf{x,y) while MB<:{x,y) = Mxf{x,y), so that 
MB{x,y) ■ MBc{x,y) = m{<l>) ■ Mx{x,y) (cf. Example El]) . 

We can now give our combinatorial interpretation of the arithmetic Tutte polynomial 
in the molecular case. 

Theorem 6.2. If [^Xit^) is an arithmetic matroid with no proper vectors, then 
Mx{x,y) = Mxix,y)= ^ ^e•(B^f)^e(^-(B^f)), 

Before proving this theorem, we show an example. 
Example 6.3. Let 

X = {a:= (1,2,0),6 := (2,0,T),c := (0,0,2),d := (0,0,3)} C G := eZ/6Z. 

We have no proper vectors, so the only basis is i? = {a, 6}, while c and d are two 
torsion vectors. 

A straightforward computation shows that 

Mx {x,y) = A + 6y + 2x + 2x^ + 3x^y + 3xy + 2y^ + x'^y^ + xy"^ 
= (y + 2)(y + l)(x2 + x + 2). 

Observe also that M^^ f^y {x,y) = 6(2;^ + x + 2) , while M^^ ^^y {x,y) = (y + 2) + 1) , so 
their product is a multiple of (in fact m(0) = 6 times) Mx{x,y) as it should be. 
To compute the multiplicities we look at the matrix 

/ 1 2 \ 

2 1 

2 

3 
\ 6 / 

whose rows are representatives of the elements of X in Z'^ together with the vector 
q := (0,0,6), where we think of G = Z^ eZ/6Z as Z'-^/{q). Following Remark [131 we 
can compute the multiplicities of A C X by looking at the greatest common divisor of 
the nonzero minors of maximal rank that we can extract from the corresponding rows 
of our matrix, together with the last row q. 

We have m(0) = 6, m({a}) = 6, m({6}) = 12, m({c}) = 2, m{{d}) = 3, m{{a,b}) = 
24, m({a,c}) = 2, m{{a,d}) = 3, m({6,c}) = 4, m{{b,d}) = 6, m{{c,d}) = 1, 
m({a, b, c}) = 8, m({a, b, d}) = 12, m({a, c, d}) = 1, m({6, c, d}) = 2, m{X) = 4. 

To construct the list Lx, we look at the maximal rank sublists of X, and we compute 
their //'s. So first take n{X) = m{X) = 4 copies of X. Then we take //({a, b, c}) = 
m({a, 6, c}) — /u(X) =8 — 4 = 4 copies of {a, 5, c}, /^({a, b, d}) = m({a, 6, d}) — /u(X) = 
12 — 4 = 8 copies of {a, 6, d}, and finally /u({a, 6}) = m({a, 6}) — {fJ.{X) + ^({a, 6, c}) + 
//({a, b, d})) = 24—16 = 8 copies of {a, 6}. Hence, using an exponential notation for the 
number of copies of an element in a list, we have Lx = (^^, {a, b, c}^, {a, b, d}^, {a, b}^). 

Doing the same procedure in the dual, we get L*^ = {X^, {a, c, d}^, {c, d}^^). 

Let us compute the external activities of the pairs of B and B* . Here it is ex- 
tremely easy, since all the elements that are not in the basis are active. Hence 
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e{{a,b}, X) = 2, e{{a,b},{a,b,c}) = e{{a,b}, {a,b, d}) = 1 and e{{a,b}, {a,b}) = 0, 
while e*({c, d}, X) = 2, e*({c, d}, {a, c, d}) = 1 and finally e*({c, d}, {c, d}) = 0. 

Now the bijection ip: we have to equidistribute the pairs in B with the pairs in 
B*. Let us call e{{B,T), [B",!')) the number of copies of {B,T) G B that needs to be 
matched with the same amount of copies of {B'^,T) G B'^. Then we can only have 

£(({a,6},X),({c,4,{c,a!})) = ^(({a, K 6, c}), ({c, d}, {c, d})) 

= ^(({a,6},{a,fe,d}),({c,d},{c,d})) 
= £(({a,6},{a,6}),({c,d},{c,d})) =2 

and all the others equal to 1. So our polynomial will be 

'Mx{x, y) = 4 + 6y + 2x + 2x2 + ^x^y + "ixy + 2y'^ + x^y^ + xy"^ = Mxix, y) 

as it should be. 

Let us see why such a bijection ip = ipB should always exists. 

Notice that in this case we have only one basis B := {/i, /2, . . . , fr}- Moreover, by 
axiom (3) for m, we have that m{B) ■ m[B^) = nn{$) ■ m{X), and hence m{B) divides 
m(0) • m{x). 

Also m{X) divides m[S) for every S ^ B, which are exactly the maximal rank 
sublists of X. In particular we have m{B) = m(X) ■ c{B) for some c{B). 

In fact m{X) divides each fi{S): recursively it divides each /u(T) for every T ^ S, 
and it divides m(S'), hence it divides n{S) = m{S) — 

Say that n{T) = m{X) ■ a{T), where a(T) G N U {0}. Moreover 

miB) = Y = m{X) ■ I Y <T) I = m{X) ■ c{B), 

TDB \TDB J 

SO that the a(T)'s give a partition of c{B). But since m{B) = m{X) ■ c{B) divides 
m{X) ■ m(0), we have that c{B) divides m[^). 

Dually, we have that B'^ is the only basis, so analogously m(0) = m*{X) divides 
every m*{T) and hence every 

^*(f) := m*(f ) - 

for every T ^ B^, which are the maximal rank sublists in the dual. In particular 
m*(B^) = m{B) = m(0) -^iB) = m*{X) ■ c*{B) for some c*{B). Say ^*{f) = 
m*{X) ■ a*{T) = ?n(0) • a*{T). 
Then again 

m{B) = m*{B') = ^ l^^i^) = m*{X) • I ^ a*(r) j = m*{X) ■ c*{B), 

TDB'' XTDB'' / 

which divides m*{X) ■ m*(0) = m(0) • m{X) so that the a*(r)'s give a partition of 
c*{B) which divides m(X) = m*(0). 
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We are now in a position to define an equidistributed matching of the pairs in B 
with the pairs in B* in this case. 

Consider a pair (B, T) € B, which appears with multiphcity /u(T) = 'm{X)-a{T) ^ 0, 
so a(T) > 1. Now each pair {B'^,T) in B* appears with multiphcity ^*{T) = m(0) • 
a*{T) ^ 0, so that a*{T) > 1, and the sum of these multiphcity is m(0) • c*{B). Since 
c*{B) divides m{X)^ we can match our m{X) ■ a(T) many pairs {B,T) evenly among 
the copies of the pairs {B^^T). More precisely, if m{X) = h ■ c*{B), then we match 
h ■ a{T) ■ a*{f) many copies of {B,T) with (S'=,f ), and this for ah (B^f ) e B*. We 
set 

e{{B,T),{B',f)) :=h-a{T)- a* if). 
Observe now that for distinct Ti , T2 G Lx and for any T G we have 

KTi) ^ m{X) ■ a{Ti) ^ h ■ a* jf) ■ a{Ti) ^ £{{B,Ti), {B-,f)) _ 
fi{T2) m{X)-a{T2) h ■ a* (T) ■ a{T2) i{{B,T2), {B^,T)y 

also, for distinct Ti,T2 G and for any T G Lx we have 

_ m{%)-a*{fi) _ h-a{T)-a*{T\) _ 1{{B ,T),{B- ,fi)) 
li*{T2) m{%)-a*{T2) h ■ a{T) ■ a* {T2) £((5, T), (B^ Ts)) ' 

This shows that the matching tp = tps that we just defined is equidistributed. 

Now that we have a good definition of our polynomial Mx{x,y), we can turn our 
attention to the proof of Theorem 16.21 

In order to prove the theorem, we will resort to a deletion- contraction recursion for 
the polynomial Mx{x,y). 

Lemma 6.4. If is an arithmetic matroid with no proper vectors, and v £ X 

is a free vector, then 

Mx{x,y) = {x-l)Mx,{x,y) + Mx,{x,y), 

where Mxi{x,y) and Mx2{x,y) denote the arithmetic Tutte polynomial associated to 
the deletion and the contraction arithmetic matroid with respect to v, respectively. 

Before proving the lemma, let us see an example. 

Example 6.5. If we compute the arithmetic Tutte polynomials of the deletion and the 
contraction of the vector h in the Example 16.31 we get 

{x,y) = 2x + 3xy + xy'^ = {y + 2){y + l)x 

and 

Mx2ix,y) = 4 + 6y + 4x + 6x2/ + + 2x2/2 = 2(?/ + 2)(y + l)(x + 1). 

So 

{x-l)Mx,ix,y) + Mx,{x,y) = [y + 2){y + l){x^ + x + 1) = Mx{x,y) 
as it should be. 
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proof of the Lemma. For v £ A Q X we have rki(A \ {v}) = rk2{A \ {v}) = rk(A) — 1, 
where rki and rk2 are the rank functions of the deletion and the contraction by v 
respectively, since v is free. Hence 



Mxix,y) = m(A)(:E-ir'=W-'^'=(^)(y-l)l 



^\A\-rk(A) 
ACX 

v(^ACX 

veAcx 

v^ACX 

+ m2{A \ {v}){x - l)'''=2(^\M)-^fc2(A\W)|-y _ ^^\A\{v}\-rk2{A\{v}) 

veAcx 

= {x-l)MxAx,y)+Mx2{x,y). 

□ 

Notice that dually we have the following immediate corollary. 

Lemma 6.6. If {'tMxj'm) is an arithmetic matroid with no proper vectors, and v £ X 
is a torsion vector, then 

Mxix,y) = Mx,ix,y) + {y - l)Mx2{x,y), 

where Mxi{x,y) and Mx2{x,y) denote the arithmetic Tutte polynomial associated to 
the deletion and the contraction arithmetic matroid with respect to v, respectively. 

We will now prove that the polynomial Mxix,y) satisfies the same recurrences. 

Lemma 6.7. If {^Mxjm) is an arithmetic matroid with no proper vectors, and v £ X 
is a free vector, then 

Mxix,y) = {x- l)MxAx,y) + Mx2ix,y), 

where Mxi{x,y) and Mx2{x,y) denote the arithmetic Tutte polynomial associated to 
the deletion and the contraction arithmetic matroid with respect to v, respectively. 

Proof. We have 

Mx{x,y) = Yl 

Since is a free vector, it is contained in i?. So it never acts on B. Dually, v is torsion 
in the dual and v ^ B'^, hence it is always externally active on B'^. 
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Let us consider the elements of B* involved in the left summand. We clearly have 



We want to show that 

(6.1) Y = Y 

where Bl denotes the list of pairs corresponding to (the dual of) the deletion of v, and 
= is the bijection between Bl and Bi in the deletion of v. If we can show 

this, then we have 

= xMxi(a;,y). 

We make two remarks. First of all, for (B'^, T) € B* with v (z T we have 

fil{f\{v}) = ^^^^^j(f\W)= Y (-l)l^l-l^\^^^lmKA) 

T\{?)}CylCX\{t;} 

E (-i)i^i"i^\^'^^im((x\w)\A) 

r\{i;}CACX\{i)} 

E (-l)l^l"l^\^^^lm(X\(^U{^;})) 

f\{v}CACX\{v} 
TCA'CX 

Moreover, there exists a positive integer h such that for every {B,T) S S we have 

(6.2) h-fii{T\ {v}) = h ■ fix\{v}{T \ M) = fixiT) = fi{T). 

In fact, by axiom (2) for m, m{X) = h ■ m{X \ {w}) for some positive integer h. Then, 
by axiom (3) for m, for all T C A C X, 

m{X) ■ m{A \ {v}) = m{X \ {v}) ■ m{A), 

which implies that m[A) = h ■ m{A \ {v}). This immediately gives ()6.2p . 

The first remark guarantees that both sides of ()6.ip have the same number of sum- 
mands. The second one guarantees that the restriction of V'"^ to the elements in the 
left hand side of (IG.ip is still equidistributed, and hence guarantees that it is in fact 
ipi^ ■ Then we already observed that the local activities correspond in the right way. 
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For the other summand we have 



^e*{B-,T)ye{i,-^(B-,T)) ^ ^ ^e* {B- ,T\{v}) yeiip-^B- ,T)) 

(BSf)eB* (B=,f)GS* 

(Bsf)GZ3* 
tiGT 

From what we have just seen, the second summand is clearly —Mxi{x,y). For the 
first summand, notice that in the contraction of v we have ■m2{A) = m{A U {v}) for 
every A C X2 = X \ {v}. Since every maximal rank sublist S* of X contains v, its 
multiplicity is the same as the multiplicity of S* \ {v} in the contraction of v, and these 
are exactly the maximal rank sublists of X2 = X \ {v}. For (^B'^,S) G B2 (remember 
5 C X2 := X \ {v}) we have 

SCACX SU{v}CACX 



J2 (-l)l^l-l^lm*(^)- Y 



SCACX SCACX 

v&A 



v^A 

= E (-i)i^i-i^i"^((^2\^)uw) 

SCACX2 

= E (-l)'^'^'^'rn2(X2\^) 
SCACX2 

SCACX2 

Notice also that we are taking the sum over all the pairs, but we are computing the 
external activity e* by removing v from the elements of L^. So we get the same result 
as if we did it in the contraction of v. Finally, the bijection ip is clearly equidistributed, 
hence it corresponds to the bijection ^2 of the contraction. Therefore 

(Bsf)eB* {B'=,s)eB* 

This concludes the proof of the lemma. □ 

Again, dually we have the following immediate corollary. 

Lemma 6.8. If (^x,^) is an arithmetic matroid with no proper vectors, and v G X 
is a torsion vector, then 

Mx{x,y) = MxAx,y) + {y - l)Mx2{x,y), 
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where Mxi{x,y) and Mx2{x,y) denote the arithmetic Tutte polynomial associated to 
the deletion and the contraction arithmetic matroid with respect to v, respectively. 

Remark 6.9. Notice that in order to prove these lemmas we didn't use any specific 
order on the list of vectors X: this is because the only elements that could be acting 
on the basis were torsion, and hence they were acting anyway, no matter the order on 
X. In the general case, to deal with the proper vectors an order will be useful. 

We can now prove Theorem 16.21 

proof of Theorem 1 6. i^l Applying the previous Lemmas and the observation that free 
and torsion elements remains free and torsion respectively under deletion and contrac- 
tion, we reduce the problem to check the equality Mx{x,y) = Mx{x,y) in the case of 
an empty list. But in this case both polynomials are obviously equal to m(0). □ 

7. The general case 

For the general case, we want to define for each basis B in X a matching ipB of the 
pairs in B of the form {B,T) with the pairs in B* of the form {B^,T), and then "join" 
them together in a matching ip from B to B*. 

First of all we fix a total order on the elements of X. 

For each basis B in X, denote hy Bb the sub list of pairs of B whose first coordinate is 
B. For each pair (B, T) in this list, we ignore the elements of T that are not externally 
active on B, identifying the pairs that differ only for such nonactive elements. We do 
the same for B"^ in B*qc- We claim that we can match evenly these pairs and we call ipB 
such an equidistributed matching. Then tp will be just the "join" of these matchings. 

Remark 7.1. Notice that in general the matching ip depends on the order that we 
choose. 

Before showing that such a matching ip exists, we show how we will use it. 
We define 

{B,T)&B 

where ip is the matching that we just described. 

The following theorem is the main result of this paper. 

Theorem 7.2. If {^x^ inn) is an arithmetic matroid, then 

Mxix,y) = Mx{x,y)= x^'(^(^'^^h<^'^\ 

{B,T)&B 

where tp is the bijection between B and B* described above. 

Remark 7.3. Notice that, even if in general the matching -0 depends on the order that 
we choose, the polynomial Mx{x,y) = Mx{x,y) will not depend on it. 

Also, observe that in the special case when all the multiplicities are equal to 1 
the arithmetic Tutte polynomial reduces just to the classical Tutte polynomial of the 
matroid. Moreover in this case Lx = {X) = Lx*, and our combinatorial description 
corresponds exactly to the one given by Crapo in Theorem 13. 11 In this sense our result 
can be seen as a generalization of Crapo's Theorem. 
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Let us first look at an example. 

Example 7.4. Let X = {a := (3, 3, 0), b := (-6, -6, -6), c := (0, 0, 3), d := (0, 0, 12)} C 
Z^. Here we take as the group G the maximal subgroup of Z'^ in which {X) has finite 
index. The rank of the arithmetic matroid 9JTx associated to the pair (G, X) (i.e. of 
{X)) is 2, and the bases are {a,b}, {a, c}, {a, d}, {6, c} and {b,d}. 

The multiplicities are m(0) = 1, m{{a}) = m({c}) = m{{c,d}) = 3, m({6}) = 6, 
m({a,c}) = m({a, 6, c}) = m{{a,c,d}) = m{X) = 9, m{{d}) = 12, m({a,6}) = 
m{{b, c}) = m({a, b, d}) = m{{b, c, d}) = 18, m({a, d}) = 36, m{{b, d}) = 72. 

We have 

Lx = iX^,{b,c,d}\{a,b,d}\{a,d}'Mb,d}^'') 

and 

L*x = (X, {b, c, d}\{a, c, d}^ {a, 6, d}^^ {a, 6, c}'\{a, c}'\ {a, 4^°, {6, c}''\ 
{b,d}\{c,dY^). 

We set the order a < 6 < c < d, so in S we have e{{a,d}, X) = e{{b,c},X) = 
e({6, d}, {6, c, d}) = e{{b,d},{a,b,d}) = 1, e{{b,d},X) = 2 and all the others are 
0, while in B* we have e*{{b,c}, X) = e*({6, c}, {o, 6, c}) = e*{{b,d},{a,b,d}) = 
e*{{b,d},X) = e*{{c,d},{a,c,d}) = e*{{c,d},{b,c,d}) = 1, e*{{c,d},X) = 2 and 
all the others are 0. 

For example, for the basis {a,d} we distinguish X^, which contain the active vector 
c, from {a,b,d}^ and {a,d}^^, which don't contain any active vector. Hence we have 
9 pairs which give a y and 27 pairs which give a 1 to match. In the dual, for the 
basis {b,c}, we distinguish X and {o, 6, c}^^, which contain the active vector a, from 
{b,c,d}^ and {6, c, d}^^. Hence we have 12 pairs which give a x and 24 pairs which 
give a 1 to match. Therefore we have a summand 3xy + 6?/ + 9x + 18 = 3(x + 2) (y + 3) . 

Doing the same with all the other bases we get 

Mx{x,y) = x"^ + 19x + 88 + 3xy + 33y + 9y^ = Mx{x,y), 

as it should be. 

Let us now prove the existence of the matching. 

Lemma 7.5. The equidistributed matchings ips defined before exist. 

Proof. To show that such matchings V'B exist we apply the following algorithm. Recall 
that we fixed an order on X. 

If X has no proper vectors, we use the matching ips that we constructed in the 
molecular case. 

If not, we look at the greatest proper vector v in X. There are two cases: v & B or 
V ^ B. 

In the first case we do a contraction of v, carrying the order on X over on X2 = 
X \ {v}. Notice that in this case B \ {v} is still a basis, and what was active on B 
is now active on B \ {v}, while what was not active on B is not active on S \ {v}. 
Moreover, since m2{A) = m{A U {v}) for A C X2, for S C X2 such that S ^ B \ {v} 
we have fJ^2{S) = fi{S U {v}). So the list {B2)b\{v}i where B2 is as usual the list of the 
contraction, may be derived from Bb by removing v from both elements of each pair. 
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In the second case, notice that v is not active on B. This time we make a deletion 
of V. Notice that B is stih a basis in the deletion matroid. Moreover what was active 
on B it remains active, and what was not active on B it remains nonactive. Also, if 
S CXi:= X\ {v} is such that S ^ B, then 



TDS T^SU{v} 

= 5:(-i)m-i^im(r)-5:(-i)m-i^im(r) 



TDS TDS 

^(-l)l^l-l^lm(r) = /.i(5). 



So {Bi)b\{v}, where Bi is the list corresponding to the deletion, can be obtained again 
from Bb by removing v from both elements (in fact in the first does not appear) of its 
pairs. 

Notice that these cases are dual of each other, meaning that a proper vector in B 
corresponds to a proper vector not in B'^ in the dual, and viceversa. 

So in both cases what we are really doing is to ignore the element v, either if it is 
in the basis (and hence dually nonactive) or it is nonactive (and hence dually in the 
basis) . 

We iterate this procedure until we get a molecule. But in this case we can implement 
the equidistributed bijection that we constructed in the previous section: this is going 
to be our ips- □ 



We now want to prove Theorem [721 We will use the appropriate deletion-contraction 
recursion for the proper vectors. 



Lemma 7.6. // {^Mx,'rn) is an arithmetic matroid with, and v ^ X is a proper vector, 
then 



Mxix,y) = MxAx,y) + Mx,ix,y), 



where Mxi{x,y) and Mx2{x,y) denote the arithmetic Tutte polynomial associated to 
the deletion and the contraction arithmetic matroid with respect to v, respectively. 



This lemma has been proved in [23]. We repeat here the proof for completeness. 
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Proof. We have 

Mxix, y) = rniA){x - lykm-rHA) _ ^^\A\~rkiA) 

ACX 

v(^ACX 

vGACX 

v(^ACX 

+ X] ^2(^ \ {v}){x - l)'''=2(X\M)-r-fc2(A\{t;})^y _ ^^^\A\{v}\-rk2{A\{v}) 
veACX 

= MxA^,y) + Mx2ix,y)- 

□ 

Example 7.7. Let X = {a := (2,-1), 6 := (-l,2),c := (1,1)} C Z^. If we compute the 
arithmetic Tutte polynomials associated to the deletion and contraction of the proper 
vector c we get 

Mxi {x, y) =x'^ + 2 and {x,y) = x + 2 + 3y, 

so that 

Mx, {x, y) + Mx2 {x,y) = x^ + x + A + 3y = Mx [x, y), 

as it should be. 

We will now prove that the polynomial Mx{x,y) satisfies the same recurrence. 

Lemma 7.8. Let (9Jtx,?T^) be an arithmetic matroid, and let us fix an order on the 
vectors X . If v ^ X is the greatest proper vector, then 

Mx{x,y) = MxAx,y) +Mx2{x,y), 

where Mxiix,y) and Mx2{x,y) denote the arithmetic Tutte polynomial associated to 
the deletion and the contraction arithmetic matroid with respect to v, respectively. 

Proof. We have 

-Mx{x,y) = Y = Y E 

{B,T)eB TeLx BCT 

B basis 

= ^ ^ ^e*{^{B,T))ye{B,T) _^ ^ ^ ^e' {^{B ,T)) ye(B ,T) _ 

T£Lx BCT TeLx BCT 

v^B basis vGB basis 

In the first summand we take all the bases not containing v, and when we compute 
the statistics, since v is the greatest vector, it does not act externally on these bases. 
Moreover, in the dual it is contained in every basis B'^, so it does not act externally 
on them too. Also, recall from the proof of Lemma 17.51 that, for the bases involved in 
this summand, the bijections ipB of which ijj is made up of correspond exactly to the 
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bijections in the deletion of v. Therefore this summand is the same as the polynomial 
of the deletion Mxi{x,y). 

For the second summand, since v is proper also in the dual, we can make the dual 
reasoning, getting that this is the polynomial Mx2{xTy) of the contraction by v. This 
completes the proof. □ 

We can now prove Theorem 17.21 



proof of Theorem 7.2. Fix an order on the vectors X. Applying iteratively this last 
recurrence to the greatest proper vectors, we can reduce the problem to the molecular 
case. 

But this case is the content of Theorem 16.21 □ 



8. A REMARK ON LOG-CONCAVITY 
We recall some well-known definitions. A sequence of positive integers {om} is 

• unimodal if oi < • • • < Ok-i < Ofc ^ Ofc+i ^ (^m for some k; 

• log-concave if a| > a^.^a^+i for every k. 

It is easy to see that log-concavity implies unimodality. We say that a polynomial in 
one variable is log-concave (resp. unimodal) if the sequence of (the absolute values 
of) its coefficients is. Log-concavity problems are widely studied in combinatorics: the 
reader can refer to the surveys [5], [50] . 

In the early '70s Rota, Heron and Welsh {^7\, [TB], [32]) conjectured that the char- 
acteristic polynomial of a hyperplane arrangement is log-concave. Recently, a proof 
has been proposed in |18| . 

Another famous conjecture is the following one. Let 9Jt be a matroid on a list X, 
and ifc be the number of its independent sublists of rank k. In [21] Mason conjectured 
that the sequence {i^} is log-concave. Mason's conjecture has been recently proved by 
Matthias Lenz in |20] . 

Notice that the above statements can be rephrased in terms of the Tutte polynomial. 
Namely the Rota-Heron- Welsh conjecture claims that for any (0-representable) matroid 
dJt, T(9K; 1 — q,0) is log-concave. On the other hand. Mason's conjecture claims that 
T(Tl; q + 1,1) is log-concave. 

The following example, which has been suggested to us by Matthias Lenz, shows that 
the corresponding evaluations of the arithmetic Tutte polynomial are not log-concave. 
Notice that by Theorem 14.21 this implies that the characteristic polynomial of a toric 
arrangement is not necessarily log-concave. 

Example 8.1. Let X := {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (1, 1, 1, 5)} C Then 

Mx{l -q,0) = 5-4q + 6q^ - V + / 

and 

Mx(l + 1) = 5 + 4g + 6q^ + + ^4 

are not unimodal. 



30 



References 

[1] F. Ardila, a. Postnikov, Combinatorics and geometry of power ideals, Trans. Amer. Math. 
Soc, to appear. 

[2] F. Brenti, Log-concave and unimodal sequences in algebra, combinatorics, and geometry: an 
update, in "Jerusalem Combinatorics '93", 71-89, Contemp. Math. 178, Amer. Math. Soc., Prov- 
idence, RI, 1994. 

[3] H. Crapo, The Tutte polynomial, Aequationes Math., 3: 211-229, 1969. 

[4] M. D'Adderio, L. Moci, Ehrhart polynomial of the zonotope and multiplicity Tutte polynomial, 

arXiv: 1102.013 5 [math. CO]. 
[5] W. Dahmen and C. a. Micchelli, On the solution of certain systems of partial difference 

equations and linear dependence of translates of box splines.. Trans. Amer. Math. Soc, 292(1): 

305-320, 1985. 

[6] W. Dahmen and C. A. Micchelli, The number of solutions to linear Diophantine equations 
and multivariate splines. Trans. Amer. Math. Soc, 308(2): 509-532, 1988. 

[7] G. d'Antonio, E. Delucchi, A Salvetti complex for Toric Arrangements and its fundamental 
group, arXiv'arXiv: 1 101 .41 1 1 V2 [math. CO]. 

[8] C. De Concini, C. Procesi, On the geometry of toric arrangements. Transformations Groups 
10, N. 3-4, 2005. 

[9] C. De Concini, C. Procesi, Topics in hyperplane arrangements, polytopes and box-splines, 

Universitext, Springer- Verlag, New- York (2010), XXII-l-381 pp. 
[10] C. De Concini, C. Procesi, M. Vergne, Partition function and generalized Dahmen-Micchelli 

spaces, arXiv:math 0805.2907, to appear on Transformation Groups. 
[11] C. De Concini, C. Procesi, M. Vergne, Vector partition functions and index of transversally 

elliptic operators, arXiv: math 0808.2545 
[12] C. De Concini, C. Procesi, M. Vergne, Box splines and the eqmvanant index theorem, arXiv: 

math 1012.1049 

[13] R. Ehrenborg, M. Readdy, M. Slone, Affine and tone hyperplane arrangements, 

larXiv:0810.0295l fmath.CO). 2008. 
[14] D. Gale, Neighboring vertices on a convex polyhedron. Annals of Math. Studies 38, 255263, 

Princeton Univ. Press, 1956. 
[15] A. P. Heron, Matroid polynomials, in "Combinatorics" (Proc. Conf. Combinatorial Math., Math. 

Inst., Oxford, 1972), 164-202, Inst, of Math, and its AppL, Southend-on-Sea, 1972. 
[16] O. HOLTZ, A. Ron, Zonotopal Algebra. lar"Xiv:0708.26'32V 2. Advances in Mathematics, 227 (2011), 

no.2, 847-894. 

[17] O. HOLTZ, A. Ron, Zhiqiang Xu, Hierarchical zonotopal svaces. [arXiv:0910. 5543^ 2. to appear 
in Trans. Amer. Math. Soc. 

[18] J. Huh, Milnor numbers of projective hypersurfaces and the chromatic polynomial of graphs, 
larXiv:1008.4749V l [math. AG]. 

[19] M. Lenz, Hierarchical zonotopal power ideo/s,"arXiv:1011.1136v2 [math. CO]. 

[20] M. Lenz, The f-vector of a matroid complex is log-concave, arXiv:1106.2944vl [math. CO]. 

[21] J.H. Mason, Matroids: unimodal conjectures and Motzkin's theorem, in "Combinatorics (Proc. 
Conf. Combinatorial Math., Math. Inst., Oxford, 1972)," 207-220. Inst. Math. AppL, Southend- 
on-Sea, 1972. 

[22] L. Moci, Combinatorics and topology of toric arrangements defined by root systems. Rend. Lincei 

Mat. Appl. 19 (2008), 293-308. 
[23] L. Moci, A Tutte polynomial for tone arrangements. larXiv:0911.4823M [math. CO], to appear on 

Trans. Am. Math. Soc. 

[24] L. Moci, Wonderful models for toric arrangements, larXiv:0912.546l1 [math. AG], to appear on 
Int. Math. Res. Not. 

[25] L. Moci, S. Settepanella, The homotopy type of tone arrangements, to appear on J. Pure and 
Appl. Algebra. 

[26] J. G. OxLEY, Matroid Theory, Oxford University Press, Oxford 1992. 



31 



[27] G. -C. Rota, Combinatorial theory, old and new, Actes du Congres International des 

Mathematiciens (Nice 1970), Gauthier-Villars, Paris, 1971, 229-233. 
[28] R. P. Stanley, A zonotope associated with graphical degree sequences, in Applied Geometry and 

Discrete Combinatorics, DIMACS Series in Discrete Mathematics, vol. 4, 1991, pp. 555-570. 
[29] R. P. Stanley, Log-concave and unimodal sequences in algebra, combinatorics, and geometry, in 

"Graph theory and Its Applications: East and West" (Jinan 1986), 500-535, Ann. New York Acd. 

Sci., 576, 1989. 

[30] R. P. Stanley, Positivity problems and conjectures in algebraic combinatorics, in "Mathematics: 
Frontiers and Perspectives", 295-319, Amer. Math. Soc, Providence, RI, 2000. 

[31] W. T. TuTTE, A contribution to the theory of chromatic polynomials, Canadian J. Math., 6: 
80-91, 1954 

[32] D. Welsh, Matroid Theory, London Math. Soc. Monogr, 8, Academic Press, 1976. 

Georg-August Universitat Gottingen, Mathematisches Institut, Bunsenstrasse 3-5, 
D-37073 Gottingen, Germany 

E-mail address: mdadderio@ycilioo.it 

Dipartimento di Matematica "Guido Castelnuovo" , Sapienza Universita di Roma, Piaz- 
ZALE Aldo Moro 5, 00185 Roma, Italy 
E-mail address: moci@mat.uniromal.it 



32 



